Abstract: The action of the free N = (3, 1) theory in six spacetime dimensions is explicitly constructed. The variables of the variational principle are prepotentials adapted to the self-duality conditions on the fields. The (3, 1) supersymmetry variations are given and the invariance of the action is verified. The action is first-order in time derivatives. It is also Poincaré invariant but not manifestly so, just like the Hamiltonian action of more familiar relativistic field theories.
Introduction
The maximal supersymmetry algebra is unique in all spacetime dimensions 4 ≤ D ≤ 11, except in dimensions 6 and 10, where one can independently assign different chiralities to the supercharges [1, 2] . These spacetime dimensions are also the dimensions where chiral D 2 − 1 -forms can be consistently defined 1 .
In D = 10 spacetime dimensions, there are two maximal supersymmetry algebras, the chiral N = (2, 0) algebra and the non-chiral N = (1, 1) algebra. In N = (N + , N − ), the number N + (respectively, N − ) denotes the number of supercharges of positive (respectively, negative) chirality. The theory realizing the non-chiral supersymmetry algebra is type II A supergravity, which is the Kaluza-Klein reduction of maximal supergravity in 11 dimensions. The theory realizing the chiral supersymmetry algebra is type II B supergravity. Although involving a chiral 4-form 2 , one can formulate an action principle, which is covariant but not manifestly so, by handling the chiral 4-form along the methods of [4] (see [5] for the explicit derivation; see also [6, 7] for a covariant PST-like formulation [8] [9] [10] involving extra fields and non-polynomial interactions). Accordingly, both algebras are realized by non trivial interacting theories. These theories reduce to the same, unique maximal supergravity in D = 9 spacetime dimensions (see Figure 1 ).
The situation is more intricate in D = 6 spacetime dimensions, where three different maximal supersymmetry algebras exist: the (4, 0) and (3, 1) chiral algebras and the (2, 2) non-chiral algebra. While the theory realizing the (2, 2) supersymmetry algebra is well known and just the toroidal dimensional reduction of maximal supergravity in 11 dimensions, the theories realizing the other two superalgebras (if they exist) are more mysterious. This is because they would involve, in place of the standard spin-2 field describing gravity, tensor fields with mixed Young symmetries subject to chirality conditions. Hence the name "exotic (super)gravity". In view of the subtleties for writing an action principle for chiral bosonic fields, and the various no-go theorems preventing the interactions of tensor fields with mixed Young symmetries [11] [12] [13] [14] [15] or involving chirality conditions [5, 16, 17] , the maximal chiral supersymmetry algebras were largely ignored.
A notable exception is the work [18] [19] [20] , in which it was argued that the (4, 0) theory could emerge as the strong coupling limit of theories having maximal supergravity as their low energy effective theory in five spacetime dimensions. Intriguing (and remarkable) properties of this putative theory were also indicated, and the free equations of motion of the various fields occurring in the (4, 0) multiplet were given. Similar intriguing features of the other putative (3, 1) theory were discussed in that same reference, as well as the corresponding free equations of motion.
The conjectured exotic (4, 0) supergravity was further argued in [21] [22] [23] to find a natural place in a "conformal magic pyramid", and to be obtained by squaring two maximal tensor multiplets of same chirality. Now, in order to define a theory, one needs more than just the equations of motion. One also needs the commutation relations between the dynamical variables, i.e., in the classical limit, their Poisson brackets. The information on both the equations of motion and the (pre-)symplectic structure, which encodes the Poisson bracket structure, is contained in the action. It is therefore important to write the action when it exists.
In a recent paper [24] , the description of the free (4, 0) theory was completed by showing that an action principle did exist through an explicit construction. The supersymmetry transformations of the fields were also given and the invariance of the action was established. The action involves prepotentials, as in [25] . These prepotentials are adapted to the duality properties of the theory but We have indicated the supersymmetry in dimensions ten and six, where chirality allows for different maximal supersymmetry algebras. The global symmetry groups G (conjectured in [18] in the case of six-dimensional exotic theories) are also written.
they are spatial objects. For that reason, although present, spacetime covariance is not manifest. The situation is identical to the Hamiltonian formulation of familiar relativistic field theories and holds also, as we recalled, for the variational formulation of type II B supergravity.
In this paper, we focus on the free (3, 1) theory. We derive an explicit action principle, which also involves prepotentials and is again "intrinsically Hamiltonian": it is of first order in the time derivatives and covariant although not manifestly so. We write down the supersymmetry transformations and verify the invariance of the action. The construction of the action completes the definition of the free theory and fills at the linear level the remaining box in the chain of higher dimensional parents of D = 4, N = 8 supergravity of Figure 1 .
Our paper is organized as follows. The multiplet of the D = 6, N = (3, 1) theory contains a chiral gauge field φ µνρ with (2, 1) Young symmetry [18] . The action for a non-chiral (2, 1) Young symmetry field was written in [26] . The implementation of the self-duality condition satisfied by the corresponding curvature is more intricate than for ordinary p-forms. Section 2 explains how to overcome the obstacle. First, we prove that the self-duality condition is equivalent to a set of equations containing only the spatial components φ ijk : schematically,
where E and B denote the electric and magnetic fields of φ µνρ , respectively, and where the bar stands for the trace (see section 2.2 for details). In addition to the dynamical equation, the last set contains a constraint on the φ ijk variables (double tracelessness of the electric field). Second, we show that this constraint can be solved by expressing the field in terms of a new variable Z, called the prepotential. In terms of Z, the equation curl(E − B) = 0 becomeṡ
where D[Z] is the Cotton tensor of Z defined in section 2.3. These final equations have the advantage that they allow for a remarkably simple variation principle, given by
This whole procedure closely follows the construction of variational principles for chiral p-forms [4] and chiral gauge fields with (2, 2) Young symmetry [27] . It has the characteristic form of the actions where duality plays a crucial role [27] [28] [29] .
Although not manifestly so, this action is Poincaré invariant and leads to equations of motion physically equivalent to the original (Poincaré invariant) equations R = * R. This is a usual feature of this kind of first-order actions and was already discussed in [4] (see also [30] for the complementarity between duality and Poincaré invariance). It could be interesting to see if one could add (nonquadratic) auxiliary fields to this action to restore manifest Poincaré invariance along the lines of [8] [9] [10] , but we will not do so here.
Once the variational principle for the exotic chiral (2, 1) Young symmetry field is understood, the construction of the complete action of the free N = (3, 1) theory is straightforward. This is achieved in Section 3. We then give in Section 4 the supersymmetry variations of the prepotentials and verify the invariance of the action. Section 5 is devoted to final comments and conclusions.
Various appendices complete the analysis. Appendix A provides the technical steps necessary to prove the equivalence of the covariant self-duality equations on the curvature with various forms of the equations expressed in terms of electric and magnetic fields. Appendix B develops the necessary algebraic tools for handling the conformal geometry of the prepotentials. Appendix C is devoted to an alternative derivation of the action, which can be obtained by splitting the action for a non-chiral (2, 1) tensor into its chiral and anti-chiral parts, following [31, 32] . Appendices D and E establish the connection with (linearized) maximal five-dimensional supergravity, which is shown to be correctly reproduced upon dimensional reduction to five dimensions.
Conventions.
The spacetime is flat Minkowski space R 5,1 with a Lorentzian metric of "mostly plus signature". The epsilon tensor ε is totally antisymmetric and such that ε 012345 = +1. For the space/time split and dimensional reduction, this implies ε
and ε (4) ijkl = ε (5, 1) 0ijkl5 (the superscripts denote the spacetime signature, but we will not write them explicitly).
A tensor with (a 1 , a 2 , · · · , a n ) Young symmetry is labeled by the length of the rows, i.e., corresponds to a Young diagram with n rows which have a i boxes. We follow the manifestly antisymmetric convention.
For gamma matrices and (symplectic Majorana-Weyl) spinors, we follow the conventions and notations of [24] (see also [29] for useful identitites in five dimensions). The same is true for the usp(2N ) algebras.
The chiral (2, 1)-tensor

Equations of motion
We start by reviewing the chiral gauge field φ α1α2β1 of (2, 1) Young symmetry type in D = 5 + 1 spacetime dimensions, considered by Hull in [18] . This field reduces in 5 spacetime dimensions to the standard Pauli-Fierz field plus a standard massless vector field (see Appendix D). It provides for that reason what can be regarded as an exotic description of the combined Einstein-Maxwell system. This exotic description is different from that given by the chiral gauge field of the N = (4, 0) theory, which has (2, 2) Young symmetry type, and which contains only an "exotic graviton". By constrast, the Pauli-Fierz field h µν = h νµ in 6 spacetime dimensions gives one graviton, one photon and one massless scalar upon Kaluza-Klein reduction to 5 spacetime dimensions.
In terms of Young tableaux we will denote the exotic graviton-photon φ α1α2β1 by
which means that it satisfies
The gauge symmetries are given by [26] 
where S and A are arbitrary symmetric and antisymmetric tensors, respectively. The corresponding gauge invariant curvature, which we call the "Riemann tensor" R, is defined by
It is a tensor of Young symmetry type (2, 2, 1), i.e. 4 ,
Its definition in terms of φ also implies that it satisfies the differential Bianchi identities
The equations of motion for the chiral gauge field φ, R = * R, are then given by the self-duality condition on the Riemann tensor on the first group of indices,
This condition makes sense due to the fact that * 2 = 1 in that case. Because of the cyclic identity satisfied by R (last of (2.6)), this condition implies the usual equation of motion
for a non-chiral (2, 1) field, but is stronger and only half the number of degrees of freedom are propagating (8 instead of 16). The question is to write an action principle yielding the equations (2.8) or an equivalent subset.
Electric and magnetic fields
In this subsection, we show how the equation R = * R can be replaced by equations involving the spatial components φ ijk only.
Definitions. We define the electric field of φ by
It contains only the purely spatial components φ ijk . The electric field has Young symmetry . It is also identically transverse in both groups of indices, i.e., ∂ i E ijklm = 0 and ∂ l E ijklm = 0. The magnetic field is defined by the components of the curvature tensor with only one 0,
It is identically double-traceless,B i ≡ B lm ilm = 0, and transverse on the first group of indices,
Conversely, even though it does not contain the φ i00 variables, (2.12) implies all the components of the self-duality equation (2.8) (see Appendix A.1). As a consequence of the double-tracelessness of the magnetic field, equation (2.12) implies that the electric field is double-traceless on-shell, i.e.,
Similarly, the magnetic field has the (2, 2, 1) symmetry on-shell.
Second step. The equation (2.12) still contains the φ 0jk components. To get rid of those, we take the curl of (2.12) on the second group of indices,
This equation needs to be supplemented by (2.13) which is a consequence of (2.12) that contains only φ ijk components. As we show in Appendix A.2, there is no loss of information in going from (2.12) to the system (2.13), (2.14) . This system is therefore equivalent to the original equations R = * R.
Prepotential and action principle
In order to construct an action for the chiral tensor, we solve the constraint (2.13) by introducing a prepotential Z abcij for φ ijk , as was originally done for linearized gravity in [25] . Explicitly, the field can be written as
The prepotential Z abcij has the (2, 2, 1) Young symmetry, Z ∼ , i.e., 
It is not invariant under the Weyl transformations (2.19). The invariant tensor controlling this Weyl invariance is 
The construction and properties of these tensors are collected in Appendix B. Uniqueness of the formula (2.15) for the field φ in terms of the prepotential Z then follows from the theorem of Appendix B.3 about the Cotton tensor (conformal Poincaré lemma). Indeed, because the electric field E bc ijk satisfies the three properties
• It is of Young symmetry type (2, 2, 1),
• It is transverse in both groups of indices,
• It is double-traceless (constraint), there exists a field Z pqrjk such that
Equation (2.15) is such that (2.23) is satisfied; moreover, it is uniquely determined from this condition up to gauge and Weyl transformations. In addition, this implies for the curl of the magnetic field
In terms of the prepotential Z, equation (2.14) therefore reads
This equation follows from the variation of the action
The action (2.26) for the chiral field of (2, 1) Young symmetry type constitutes the central result of this section. It provides a variational principle for the original self-duality equations of motion R = * R, see (2.8). The action is first order in the time derivatives of the prepotentials, which is the characteristic feature of an action in Hamiltonian form. One can relate the chiral action derived here to the action for a non-chiral field of (2, 1) Young symmetry type [26] . This is done in Appendix C. By going to the Hamiltonian formulation and combining the Curtright field and its conjugate momentum -or rather, the corresponding prepotentials which have (2, 2, 1) Young symmetry typeinto chiral and anti-chiral components, one gets the sum of the action (2.26) and the action for the anti-chiral component, which has the same structure but with the opposite sign for the kinetic term. Since these actions are decoupled, one can consistently drop the anti-chiral part, getting thereby the action (2.26) for a chiral field.
Because the decomposition into chiral and anti-chiral components is covariant, the action (2.26) is covariant. It is also intrinsically Hamiltonian, in the sense that there is no natural split of the prepotential Z into q's and p's. One cannot therefore naturally eliminate half of the variables ("conjugate momenta") to go to a second order formulation. In order to be able to do so, one would need to keep the anti-chiral part. It is the intrinsic Hamiltonian structure of the action (2.26) that is responsible for the fact that covariance, although present, is not manifest. But this feature is just standard in the Hamiltonian formulation of relativistic field theories.
The action of the free N = (3, 1) theory
We now have all the necessary tools to write down the action of the free N = (3, 1) theory. The fields are displayed in Table 1 , where their transformations properties both under the little algebra su(2) ⊕ su(2) and under the R-symmetry usp(6) ⊕ usp(2), as well as reality properties, are also given 5 . The bosonic spectrum contains one exotic chiral field of Young symmetry type (2, 1), 12 chiral 2-forms, 14 vectors and 28 scalars. The fermionic spectrum contains 2 exotic gravitini, 6 standard chiral gravitini (Rarita-Schwinger fields), as well as 28 left-handed and 14 right-handed spin-
The action is a sum of eight terms, one for each type of fields,
Bosonic fields
• Chiral (2, 1)-tensor This is the real tensor field of mixed Young symmetry (2, 1) type with self-dual field strength described in the previous section. The action is written in terms of the prepotential Z ijklm ; it was derived in subsection 2.3 and reads
where the Cotton tensor D ijklm [Z] is explicitly given in equation (2.21).
• Chiral 2-forms
The theory contains 12 chiral 2-forms A (6) and usp (2), respectively. Quantities with multiple indices transform in the corresponding tensor product. We also indicate the reality, irreducibility and (in the case of fermions) chirality conditions they satisfy. In the fermionic reality conditions, the B matrix is defined by the complex conjugation property (Γµ)
and is given by B = −iCΓ 0 in terms of the usual charge conjugation matrix C. Canonical dimension is indicated in the last column.
where the magnetic fields B aα ij are given by
• Vector fields
The theory possesses 14 vector fields V 
where the magnetic fields are
• Scalar fields
The action for the 28 scalar fields φ abcα can be written in Hamiltonian form in the following way:
Fermionic fields
• Exotic gravitini
The 2 left-handed exotic gravitini are described by fermionic 2-form prepotentials χ α ij . The action in terms of prepotentials was derived in [24] and reads
Here, the Cotton tensor is defined as 9) where the Schouten tensor is
The theory contains 6 left-handed gravitini, described by the prepotentials θ
The Cotton tensor is defined by 12) where the Schouten tensor S a i is defined as
In (3.11), the quantity D a m is the gamma-matrix contraction
(3.14)
• Spin 1/2 fields Finally, the theory possesses 28 and 14 left-handed and right-handed spin 1/2 fields, which we write as ψ abα and ψ abc , respectively. Their action is simply
Comments on the F 4(4) symmetry
As was noticed by Hull, U Sp(6) × U Sp(2) is the maximal compact subgroup of the exceptional group F 4(4) , and the number of scalar fields is the same as the dimension of the coset space (2) .
By analogy with the well-known situation in extended supergravities, it is natural to conjecture that, in the interacting theory, the scalar fields indeed take values in (3.17) [18] . The F 4(4) symmetry should then also extend as a symmetry of the full bosonic sector. It is interesting to notice that the lowest-dimensional irreducible representation of F 4(4) is exactly of dimension 26: therefore, we conjecture that the 12 chiral 2-forms combine with the 14 vector fields into an irreducible multiplet, while the chiral tensor is a singlet under F 4(4) . This is supported by the branching rules of representations for the embeddings
(see for example [35] for tables):
1. Under its maximal compact subgroup U Sp(6) × U Sp (2) , the fundamental representation of F 4(4) decomposes as 26 = (6, 2) ⊕ (14, 1), (3.19) which are exactly the U Sp(6) × U Sp(2) transformation rules of the chiral forms and vector fields.
2. Under its F 4(4) subgroup, the fundamental representation of E 6(6) decomposes as
It is well known that the 27 vector fields of maximal supergravity in five dimensions fall into an irreducible E 6(6) multiplet [36] . From the dimensional reduction of the (3, 1)-theory, 26 = 12 + 14 of those vector fields arise from the six-dimensional chiral forms and vector fields, and one comes from the reduction of the chiral (2, 1) tensor. Therefore, the well-known E 6(6) symmetry of five-dimensional maximal supergravity seems to support this conjecture.
Of course, it is impossible to prove this in the absence of a consistent interacting theory. Moreover, this symmetry would be very peculiar since it would mix fields with different spacetime indices (see also [37] for a similar situation). Nevertheless, we feel that these remarks are intriguing and could have useful implications for the interacting theory, if it exists.
Supersymmetry
We now establish that the action of the previous section is invariant under N = (3, 1) supersymmetry. The supersymmetry parameters are a and α . As their indices suggest, they transform in the fundamental of usp(6) and usp(2), respectively, and are inert under the other factor. They satisfy symplectic Majorana-Weyl conditions gathered in table 2, and their canonical dimension is −1/2.
Reality
Chirality Dimension The supersymmetry transformations on the various fields are then Conditions b) and c) are actually sufficient to fix nearly all the variations. The remaining transformations (and relative factors) are then found from condition a). A consequence of condition c) is that the supersymmetry transformations of the invariant curvatures (Cotton tensors and magnetic fields) can be expressed purely with invariant objects. This is indeed what we find:
The action is invariant for any values of the (real) constants β 1 to β 10 . These constants are fixed by the supersymmetry algebra: they must satisfy The proof is a bit technical and presented in Appendix E. The method we follow is dimensional reduction and comparison with linearized maximal supergravity in five dimensions [36] : this allows us to bypass the somewhat cumbersome direct computation of the N = (3, 1) commutators. The supersymmetry algebra dictates the equality of the numbers of bosons and fermions through the anticommutation relation {Q, Q} ∼ P . This equality holds only for the full spectrum, and not for any of the 10 individual actions obtained by dropping from the theory the fields that do not transform under the individual fermionic symmetries with one single non-vanishing β i (i = 1, · · · , 10). Consequently, the fact that the constants β i are related by the supersymmetry algebra does not come as a surprise.
Conclusions
In this paper, we have constructed the action for the free N = (3, 1) theory of "exotic supergravity" in six spacetime dimensions. This step fills the last box in Figure 1 . It is satisfying to see that all higher dimensional parents of D = 4, N = 8 maximal supergravity exist at the free level.
The action not only encodes the equations of motion, but it also yields the Poisson brackets between the dynamical fields. The pre-symplectic form derived from the kinetic term of the action is degenerate because of the gauge symmetries. The brackets of invariants can however straightforwardly be computed. The procedure is direct and shows for instance that the Poisson bracket of two Cotton tensor components D ijkrs (or, what is the same, two electric (≡ magnetic) field components) is proportional to the third derivative of the Dirac delta function [38] ,
The detailed computation will not be reported here since the only point we want to make at this stage is that the prepotential Z is at the same time a "q" and a "p" (self-conjugate), as it is standard in the description of chiral bosonic fields [39] , [4] . Because the variables in the variational principle are self-conjugate, there is no natural way to eliminate half of them to go to a second-order action. The action is intrinsically "Hamiltonian", i.e., first-order in the time derivatives. The situation, thus, is not that there is no action, but that there is no natural second-order action. This is in line with the fact that the (independent) self-duality conditions are after all of the first order in the time derivatives. The Hamiltonian structure of the action, following from self-duality, makes covariance less transparent. This phenomenon is not peculiar to the exotic supergravity theory considered here, but generically holds for the Hamiltonian formulation of relativistic field theories. We note that spacetime covariance can be controlled by Hamiltonian tools [40, 41] .
To conclude, we are of course fully aware that the construction of consistent (most likely non local) interactions for the two exotic theories of supergravity in six spacetime dimensions remains a challenge that must be overcome in order to have physical theories. We feel, however, that the question is still open and that these intriguing and potentially rich theories deserve further study.
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A Equations of motion for the chiral (2, 1)-tensor
In this appendix, we provide the explicit proofs of the equivalence between the self-duality condition R = * R and the alternative forms considered in section 2.2. This relies on the generalized Poincaré lemmas of [43] [44] [45] [46] for tensors of mixed Young symmetry.
A.1 First step: R = * R ⇔ E = B
The self-dual equations of motion R = * R, see (2.8), can be split according to
Due to the Young symmetries of the Riemann tensor the component R abc0d is not independent. Explicitly, we can use the identity
follows. Contracting (A.2) with 1 2! ε klpqr and using the definitions of the electric and magnetic fields we obtain
So, E = B follows from R = * R. In order to prove the converse, we must show that E = B implies (A.1), (A.2) and (A.3). Equation (A.2) follows from reversing the just given argument. It is also easy to check that (A.1) is actually equivalent to (A.2). We contract (A.1) by
Finally it remains to show that (A.3) follows from (A.5) or, equivalently, (A.2). The problem is that (A.2) does not contain the φ i00 components, while (A.3) does. Those components appear in (A.3) with two spatial derivatives, i.e., in the form ∂ k ∂ [i φ j]00 (up to some factor that will not matter).
We will need to use the generalized Poincaré lemma of [46] for a tensor T ijk ∼ . It states that, if the curl on the first and second set of indices vanishes, then the tensor T ijk has to be proportional to ∂ k ∂ [i λ j] for some vector λ j . Symbolically, this can be written as
The role of T ijk will be played by (A.3)
which indeed has the right Young symmetries. It is now sufficient to show that (A.2) implies that T ijk satisfies the assumptions of (A.7): we then recover (A.3) up to a term of the form ∂ k ∂ [i λ j] which can be absorbed in a redefinition of φ i00 . Let us first show that the curl of T ijk on the second group of indices vanishes. For that we take the time derivative of (A.2) which leads to
Next we use a consequence of the Bianchi identity (2.7), R 0ijkl,0 = −2R 0ij0 [k,l] , to show that
This is exactly the curl of (A.3) on the second group of indices. Now, we would like to have a curl on the first group of indices. For that, let us take again the time derivative of (A.2) and antisymmetrize the indices [ijk]
On the left-hand side we use (A.4) and a consequence of Bianchi identity,
The right hand side can also be worked out as
where we have used again a Bianchi identity R ijklm,0 = −2R ijk0 [l,m] . It is easy to check that the second term on the right-hand side vanishes on-shell. For that, we take (A. def k . We now plug this into the second term to show
The last equality holds because the trace R c ijc k has the (2, 1) Young symmetry. So we finally arrive at
which is the curl of (A.3) on the first group of indices. As anticipated, we can now use the generalized Poincaré lemma of [46] to get
terms can be absorbed by redefining the φ i00 terms of R 0ij0k .
A.2 Second step:
Taking the curl on the second pair of indices of (2.12) suffices to show that
The double-tracelessness of the electric field,Ē = 0, follows because the magnetic field B is identically double-traceless.
To prove the converse, we introduce the tensor
We have to show from (A.16) that the tensor K can be written as ,d] . Indeed, this is the way in which the missing components φ 0ij appear in (A.17): this will therefore imply E = B up to a redefinition of the φ 0ij . Again, the proof of this fact relies on generalized Poincaré lemmas. The symmetries of tensor K are such that K abcd = K [ab] [cd] and, because E and B are doubletraceless, K [abcd] = 0. Moreover, it follows from its definition and (A.16) that its curl on the first and second group of indices vanishes,
Following Appendix C of [38] , we first decompose the tensor K ∼ ⊗ into three parts of irreducible Young symmetry,
where
This permits us to use generalized Poincaré lemmas on each of the irreducible parts. We start with the proof that ∂ [i R ab]cd = 0, which follows by using (A.18) and (A.19)
Using the generalized Poincaré lemma of [44, 45] , we can write R abcd as
where S ab ∼ is a symmetric tensor. For Q abcd , the equation ∂ [i Q abc]d = 0 follows directly from (A.18). To prove that also Q abc [d,i] = 0, let us use the fact that the curl of K in the second group of indices vanishes, .27) which vanishes provided (A.18). Then, using the generalized Poincaré lemma of [46] we have
where A ab ∼ is an antisymmetric tensor. In the definition of K abcd we have the combination
Finally, the explicit form of K abcd is given by
where M ab = S ab + A ab . This finishes the proof.
B Conformal geometry of a (2, 2, 1) field
In this appendix, we construct the various curvature tensors of the prepotential Z ijklm associated with the gauge and Weyl transformations (2.18) -(2.19), following the pattern of [24, 27-29, 38, 47, 48] . We then prove the two key properties of the Cotton tensor of Z:
1. It provides a complete set of gauge and Weyl invariants, i.e., any gauge and Weyl invariant function of Z can be written as a function of the Cotton tensor and its derivatives only.
2. Any tensor that satisfies the differential, symmetry and trace properties of the Cotton tensor is really the Cotton tensor of some field.
The first of those properties is equivalent to the property
where by the right-hand side we mean terms of the form (2.18) -(2.19). The second property was dubbed "conformal Poincaré lemma" in [29] , since it is a generalization of the Poincaré lemmas of [43] [44] [45] [46] with the addition of trace conditions and Weyl transformations. The proofs closely follow those of [29, 48] for two columns Young tableaux. It is nevertheless useful to spell out the details.
B.1 Einstein, Schouten and Cotton tensors
The Einstein tensor of Z pqrjk is defined as
It has the (2, 1) Young symmetry and is identically divergenceless on both groups of indices. It is invariant under the gauge transformations (2.18), parametrized by α and β. The converse of those properties is also true [46]:
1. Any divergenceless (2, 1) tensor can be written as the Einstein tensor of some Z.
2. The vanishing of the Einstein tensor implies that Z is pure gauge.
The Einstein tensor is not invariant under the Weyl transformations (2.19). Instead, the tensor that controls Weyl invariance is the Cotton tensor, defined as
where the Schouten tensor S l de [Z] is defined in terms of the Einstein tensor and its trace as
The Schouten tensor transforms under Weyl rescalings as
The relation between the Einstein and the Schouten can be inverted to G 
B.2 Gauge completeness
Since the converse is true by construction (see section B.1), we will only prove the implication
First,
implies that S 
Since its curl on both groups of indices vanishes, the generalized Poincaré lemma of [46] implies that the tensor S m de can be written as
for some ρ. This implies that the Einstein tensor of Z is equal to
Therefore, the Einstein tensor of
is zero, i.e., this quantity is pure gauge. This shows the result.
B.3 Conformal Poincaré lemma
This appendix is devoted to the proof that, for any tensor T that satisfies the three properties 1. It is of the type (2, 2, 1), 2. It is transverse in both groups of indices, 3. It is double-traceless, there exists a field Z such that T is the Cotton tensor of Z, i.e., T = D [Z] . The fact that the Cotton tensor satisfies these three properties was proven in section B.1. Moreover, Z is determined from T up to the gauge and Weyl transformations of section 2.3, as follows from the first property of the Cotton tensor.
The first step is to introduce a tensor P ijkl such that
The properties listed above are equivalent to
Now, we would like to prove that P ijkl = S ij [k,l] where S has the (2, 1) symmetry, S ∼ . In a second step, S will be identified with the Schouten tensor of some Z. Using the usual Poincaré lemma, 
, where A ij is antisymmetric. Now, the fact that P [ijkl] = 0 implies that M [ijk,l] = 0, from which we get, using the usual Poincaré lemma again,
However, we can fix the ambiguity above as
Young symmetry (2, 1). Now, we would like to prove that there exists a Z such that S = S [Z] . For that, we use the fact that P is traceless, 14) which is equivalent to the divergencelessness of the tensor G defined in terms of S by inverting relation (B.4). Now, it follows from the generalized Poincaré lemma of [46] that for any divergenceless tensor G of (2, 
C Split of the non-chiral action
In this appendix, we show that the action (2.26) for the chiral (2, 1)-tensor can also be obtained by splitting the first-order (Hamiltonian) action for a non-chiral tensor into its chiral and anti-chiral parts. We follow references [31, 32] , where it was done for the case of chiral two-forms in six dimensions (see also Appendix D of [27] for the case of the chiral (2, 2)-tensor).
C.1 Hamiltonian and constraints
The Lagrangian for a non-chiral (2, 1)-tensor φ µνρ is given by [26] 
The associated Hamiltonian action is
where the Hamiltonian density is
3)
.
(C.5)
The components n ij = φ 0ij and N i = φ i00 of φ µνρ with some indices equal to zero only appear as Lagrange multipliers for the constraints
The constraint C ij = 0 is equivalent to
because of the cyclic identity π [ijk] = 0. The constraint C i = 0 is equivalent to the double tracelessness of the electric field defined in section 2.2,
(C.9)
C.2 Prepotentials
The momentum constraint is solved by introducing a first prepotential Z (1) ijklm of (2, 2, 1) symmetry, in terms of which the momentum reads
(we include an extra factor for convenience). This follows from the properties of the Einstein tensor defined in Appendix B.1. The Hamiltonian constraint is solved by introducing a second prepotential Z (2) ijklm , as in formula (2.15). The various terms in the Hamiltonian action are then, up to a total derivative,
Since the constraints are identically satisfied, the Lagrange multipliers n ij and N i disappear from the action. We now do the change of variables
This splits the action into two parts, S[Z
, where S + is exactly the action (2.26) obtained in section 2.3. The action S − is the same, but with the sign of the second term flipped: it is the action for an anti-chiral (2, 1)-tensor.
D Dimensional reduction
In this appendix, we perform the dimensional reduction of the chiral (2, 1)-tensor. At the level of the field φ µνρ itself, we get upon dimensional reduction the four fields
The interpretation of those fields is as follows: the symmetric tensor φ 5(µν) is the five-dimensional graviton, the mixed symmetry field φ µνρ is the dual graviton (Curtright field), φ µ55 is a vector field, and the two-form φ 5[µν] is the magnetic dual of φ µ55 . The fact that φ µνρ is not independent from φ 5(µν) , and that φ 5[µν] is not independent from φ ν55 , follows from the self-duality condition in D = 6 [18] . All in all, this describes one metric and one vector field. We now show that the reduction of the prepotential Z IJK AB correctly reproduces the prepotentials of a metric and a vector field in five dimensions, and that the actions also match (see [38] for five-dimensional linearized gravity and [34] for the two-potential formulation of the free vector field). In this appendix, capital indices go from one to five, and lowercase indices only go from one to four. 
which gives Z 5[ijkl] = 0. We can then split Z ij5 ab in irreducible parts as
For the other two irreducible components, we make the triangular change of variables
The tensors M and N have (2, 1) and (2, 1, 1) Young symmetries, respectively. The following inversion formulas are useful for explicit computations:
With these definitions, the spatial components φ IJK of the chiral tensor decompose (according to (2.15) ) as
up to a gauge transformation (the fact that the contribution of Q to φ ijk is pure gauge was proved in [38] ). Up to constant factors, equations (D.14) and (D.13) are exactly the expressions given in reference [38] for the metric and its dual in terms of the prepotentials for five-dimensional gravity. Moreover, the last two equations motivate the definitions
for the two potentials of the vector fields in five dimensions (up to factors that will be fixed below). The gauge and Weyl transformations of the lower-dimensional prepotentials also match: the gauge and Weyl transformations of R ijab and M ija are exactly those of the prepotentials of fivedimensional linearized gravity. The prepotentials N ijkab and Q abci have no Weyl transformation, and their gauge transformations are exactly such that V i and W ij transform as total derivatives. Now, the Cotton tensor of Z reduces as follows:
Here, the magnetic fields are [34] 
The definitions and properties of the Cotton tensors of the gravity prepotentials can be found in [29] . Using these formulas, the reduction of the action (2.26) is direct and gives the sum of the actions (D.23) and (D.24) below, up to some factors that are fixed in (D.25).
The action of five-dimensional gravity is given in the prepotential formalism by
where Φ ijk and P ijkl are the prepotentials with (2, 1) and (2, 2) symmetry. This action was first written in [38] ; see [29] for the rewriting in terms of the appropriate Cotton tensors defined there. The action of a five-dimensional vector field is [34] 
where v i is a vector and w ij a two-form.
Comparing with the reduction of (2.26), we identify the prepotentials as
E Maximal supergravity in five dimensions
In this appendix, we write the action and supersymmetry transformations of linearized maximal supergravity in five dimensions [36] in the first-order (prepotential) formalism. It can be obtained by dimensional reduction of the N = (4, 0) theory of [24] , or by reduction of the N = (3, 1) theory presented in this paper. 
Linearized action. The first-order action for the linearized theory is the sum of the following five terms:
• The metric is described by two real prepotentials
with action
• The 8 gravitinos are described by the prepotentials
This action, and the definition of the Cotton tensor D [Θ] , can be found in [29] .
• The 27 vectors are described by the two potentials
The action is [34] 
• The action for the 48 spin 1/2 fields is
• The 42 scalars are described by the usual Hamiltonian action
E.2 Dimensional reduction of the N = (4, 0) theory Reduction of the action. Five-dimensional maximal supergravity in the prepotential formalism, as described above, can be obtained from direct dimensional reduction of the N = (4, 0) theory in six dimensions [24] using the following identifications (we write the higher-dimensional quantities with a hat):
• The prepotentialẐ IJKL for the exotic graviton splits aŝ
• The chiral 2-formsÂ
• The scalars stay the same, and the Dirac fields are simplŷ
This information is gathered in [29] . The fermions have component only in the first half; this is due to the chirality conditions in six dimensions. The form of the gamma matrices we use in the reduction can be found in section 6 of [24] . Their form implies that the B matrix appearing in the reality conditions in six dimensions takes the form B (6) = B (5) 0 0 −B (5) , (E.13)
where B (5) is the analog matrix in five dimensions. Therefore, the reality conditions in six and five dimensions agree.
Reduction of the supersymmetry transformations. We can also find the supersymmetry transformations in five dimensions from the reduction of those of the (4, 0)-theory. In this reduction, the supersymmetry parameter of the (4, 0) theory reduces as that follow from the supersymmetry algebra [24] .
E.3 Dimensional reduction of the N = (3, 1) theory
Formulas for dimensional reduction. The dimensional reduction of the N = (3, 1) theory in six dimensions goes as follows:
• The reduction of the prepotential Z IJKLM was done in section D. 6 The factor of i comes from the form (E.13) of the reality matrix: it is such that the reality conditionˆ * A = Ω AB B (6)ˆ B in six dimensions implies correctly * A = Ω AB B (5) B in five. 7 As was stressed in [29] , the supersymmetry transformation of the gravitino prepotentials Θ A ij picks up an extra term when enforcing the gauge condition Θ A i5 = 0. 8 As mentioned in [29] , requiring that the supersymmetry variations of the five-dimensional linearized metric and gravitinos have the usual normalization • The reduction of the chiral two-forms and exotic gravitinos are the same as in the case of the N = (4, 0) theory, but with the appropriate symplectic indices.
• From the reduction ofθ This reduction was done in the prepotential formalism in [29] ; we have added an extra factor of i in ψ a with respect to that reference in order to take the five-dimensional reality condition into account.
• From the vector field, we have the two potentials • Because of the chirality conditions, the Dirac fields reduce aŝ
• The scalar fields stay the same.
• For the supersymmetry parameters, we havê The corresponding splitting of the fields is then 
